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THE UNAVOIDABLE NEED FOR APPROXIMATION

Determining this motion “ab initio” of a typical biological  macromolecule in 
its solvent would involve solving the time deepened Schrödinger equation 
for ~106 electrons and 105 nuclei!!! 

We need to introduce several approximations to make this problem 
tractable. 

Quantum mechanics is responsible not only for the existence of atoms 
which compose molecules, but also for the existence or breaking of 
covalent bonds, hydrogen bonds, for the chemical properties of the 
different part of the molecule, for proton transfer,  , and so on and so on. 



BACKGROUND: Ritz Variational Principle

Consider the ground-state | ψ0> of the quantum system described by the Hamiltonian H 

Ĥ| 0i = E0| 0i

Obviously, one has 
h 0|Ĥ| 0i
h 0| 0i

= E0

Now consider a new state | ψT> which is NOT an eigenstate of H.  
Then the Ritz theorem shows that

h T |Ĥ| T i
h T | T i

= ET � E0

And that the equality is satisfied only for | ψT> = | ψ0> 



The Ritz principle can be used to look for approximate solution of the ground state of H

1) make a guess of the normalised wave function based on a number of parameters 
(trial wave-function)

2) compute the expectation value of the Hamiltonian for such a trial wave function

3) Varies the parameters until the corresponding expectation value is minimum:
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VARIATIONAL APPROXIMATION

The wave function corresponding to the solution α0 of this optimum condition will  
represent our best estimate of the wave function. 



OBSERVATION:  

1) The quality of the estimate depends on the quality of the choice of trial wave 
function. This method works well whenever one has some intuition on how the real 
wave function should look like  

2) You can never estimate a priori   the accuracy of the variational calculation. But you 
can tell if a new guess is better or worse than the previous one (lower/larger E_T)



BORN-OPPENHEIMER APPROXIMATION

The BO approximation exploits the wide difference between the proton and nucleon 
mass and the electron:

Mp ~ 2000 me

The consequence of this difference in mass is that the electronic dynamics is very much 
faster than that of the electron. Then as the nucleus slowly moves in space, e.g. from  
Q to Q+dQ in a time dt,  the electrons almost instantaneously relax to the ground state 
corresponding to the new configuration Q+dQ 

This assumption (called adiabatic approximation) enables one to decouple the problem 
of determining the electronic structure for a fixed configuration of atomic nuclei from the  
problem of determining the time evolution of the nuclei. 

If the motion of nuclei is further approximated to be classical, then the electronic wave 
function can be used to determined the forces acting on the nuclei entering Newton’s  
equation 

*

* We are going to give a rather superficial overview which focuses on the main  
* approximations and skips some technical details of the implementation.  



The complete Schrödinger Equation for a molecule reads:

The quantity r stands for all electronic coordinates and R for all nuclear 
coordinates. 

The potential energy reads:
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The first approximation consists in neglecting the nuclei’s kinetic energy. This means that 
the nuclei are held fixed and their coordinates R play the role of external parameters in an 
electronic problem:
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parametric dependence on R

The energy E(R) calculated from the solution of the electronic problem can be 
interpreted as a potential energy determining the dynamics of the nuclei. 
It can be used in the equations which are used to solved for the nuclear dynamics.  

In particular, if the motion of the nuclei can be considered as classical, then we can 
determine the forces acting on the i-th nucleus as follows: 

~Fk = �rkE(R)



Methods to solve the electronic structure problem  
(QUANTUM CHEMISTRY)

Approximations

Mean field (Hartree Fock)

Density Functional Theory
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Coupled Cluster

……

Green Function/Diffusion 
 Monte Carlo

Configuration interactions

* NB: the “relative estimate” of accuracy is only indicative, sophisticated version of one type of 
approximation may outperform other methods which are classified as more accurate in this cartoon

Variational Monte Carlo

Post Hartree-Fock methods



Independent particle approximation (Hartree-Fock)

Observation: if the wave function is a sum of decoupled terms, then the 
wave-function solution is a product of single particle wave functions:

H(x1, . . . , xn) =
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 (x1, . . . , xn) = �(x1) · . . . · �(xn)

The solution is in the form

The Hartree method is a variational approach which yields the best solution 
to a quantum many-body problem in which the ground state trial wave 
function  the factored form (*) and Ritz variational principle is applied to 
determine the “best” single-particle orbitals φ(x) .  

(*)



However electrons are fermions, which must obey Pauli principle.  
This means that the simple factorized guess (*) is not viable.  
A factorized trial wave function which obey Fermi symmetry is given by the 
Slater Determinant

 (x1, x2, x3, . . .) =

��������
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. . . . . . . . . . . .
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The corresponding variational approach is called Hatree-Fock method



After the mathematics describing these ideas has been carried out one arrives to the 
following final equation for the orbitals:

Coulomb interaction of the 
 electron with the nucleus

Coulomb interaction of the 
 electron with the average density 
created by all other electrons

So-called exchange term: it is a purely quantum 
effect which arises from imposing 
Fermi symmetry

sum over occupied orbitals
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This way, an horrible quantum many-body problem has been reduced to many one-
body problems

1) it is a mean-field approximation  
2) It is a non-linear integro-differential differential equation  
3) It can be solved self-consistently 

Comments:



Density Functional Theory (DFT)

A variational approximation which represents a significant improvement with respect 
to the HF method, because IN PRINCIPLE, it enables for the exact solution of the  
electronic problem. 

In practice, exact solution are never found. However excellent approximations are 
possible and this is the reason why DFT is the most commonly adopted scheme for 
electronic calculations in condensed matter and quantum chemistry. 

Let’s consider the electronic structure problem defined by the Schrödinger equation 
for the electronic wave function in adiabatic approximation (Eq. EP).

⇢(x) =
NX

i=1

�(x� xi)

A natural concept to define is the density of electrons in the nuclei. To this end we first 
define the one-body density operator



The electronic density function n(x) corresponding to a fixed nuclei’s configuration R is 
defined as:

n(x) = h R|⇢(x)| Ri

=

R
dx1 . . . dxN  

⇤(x1, . . . ,xN ;R)
P

i �(x� xi)  (x1, . . . ,xN ;R)R
x. 1 . . . dxN | (x1, . . . ,xN ;R)|2

= Probability to observing any of the electrons at position x

The information contained in the one-body 
density is much less than that contained in the full 
wave function
However, due to some magic of quantum mechanics,  
it is easy to prove two theorems due to Hohenberg and  
Kohn, which show that the ground state and excited  
state properties are entirely determined by the  
ground-state single body density!!!!



Theorem 1: For any system of interacting particles, the external potential is determined 
uniquely (up to a constant) by the ground-state density n0(r) 
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The electronic problem is equivalent to solving the Schrödinger equation  
for the hamiltonian:

(associated to the external  
fixed nuclei)

(i.e. :there cannot be two external potentials which give the same ground-state density.)

Corollary: then, in the same sense, the all wave functions (ground-state and excited) are fully 
determined by n0(r) 

Theorem 2*: An energy functional E[n] can be defined such that the global minimum  
of such functional over n(r) yields the exact density n0(r) 

NB: These theorems state the magic! However they do not provide any constructive 
way to find the exact functional! One problem is turned into another.



The challenge is therefore to build the energy functional.  

The HK theorems would have been relegated as useless curiosity hadn’t Kohn and Sham  
(KS) found a scheme to construct approximate functionals which turned out to  
work extremely well for a large class of electronic problems in condensed matter an 
molecular physics. 

The construction of such functionals stands on the so-called KS ansatz for E[n]  
and is based on the following main assumption: 

The ground state of the exact system can be found by minimising the Energy functional 
for an auxiliary non-interacting system with a local external potential: 

NB: this is an assumption: indeed theorem 1 says there is an exact functional 
somewhere out there, but does not specify that it is that of a non-mutually interacting 
system! 
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To minimize with respect to the density, one uses basis function
Perhaps simplest example of basis function set are polynomial 
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Now suppose we want to find an unknown function which minimizes the KS functional 

The idea is to generalise the expansion in terms of monomials (Taylor expansion) to include 
unknown coefficients c’s. Then the search for the minimum is done by varying the 
coefficients

In practice, polynomials are never used in DFT calculations. It is more convenient to 
use functions which mimic the behaviour of the wave function, e.g. exponentially 
suppressed  at large distance. This choice, however makes it difficult to produce 
forces between nuclei which fall like a power law with distance (E.g. dispersion laws). 
How to deal with this issue in DFT is is an active field of investigation 

n(x) = c0 + c1x+ c2x
2 + c3x

3 + c4x
4 + . . .



How accurate is DFT? Compare with other more expensive methods which explicitly 
include electron-electron correlations

for the major part of the total interaction energy. Again, the
SCC-DFTB-D approach yields 20% smaller interaction energy
for hydrogen bonding, consistently with what we learned
previously. Otherwise, the results provided by both methods
used are in acceptable agreement.
The vast amount of calculation engaged in this study, the

interaction energy, was evaluated for the total of 12 938 base
pairs. Thus, the efficiency of used methods represented the
crucial factor.
DNA Interaction with Ligand. We present the results

obtained for the complex of DNA with ellipticine. The drug
was considered both in neutral form and protonated because it
may take on either of these forms depending on pH; the
interaction energy is resumed in Table 3.
We see that the major role in the binding of neutral ellipticine

to DNA is played by the dispersive forces, and at the DFT level,
the binding is severely underestimated. In case of the interca-
lator, the entire interaction energy stems from dispersion, and
DFT itself fails to predict any binding. On the other hand, the
dispersion-corrected methods produce decent interaction energy
in mutual accordance. With the protonated ligand, the major
part of interaction goes to the account of electrostatic energy,
which is described well already at the DFT level. Even so, we
miss a certain amount of stabilization, and this is corrected by
the D methods.

Hydrophobic Core of INK4 Tumor Suppressor. This is
another example of an extended molecular complex, for which
the computational method of choice is either of the D ap-
proaches.
The calculation of energy of the entire core formed by 10

helices, which contain no less than 1400 atoms altogether, was
possible only at the SCC-DFTB-D level. Subtracting the sum
of energy of the individual helices forming the core, we obtained
the interaction energy of-513 kcal/mol, a huge value describing
the stabilization of a large complex.
However, it was perfectly possible to calculate the interaction

energy for every pair of neighboring helices forming the core,
even at the DFT-D level, and so we decided to compare the
performance of both methods at this task (cf. Figure 7).
Several pairs exhibit large stabilization which are those

composed of oppositely charged helices, where strong charge-
charge forces act. In the others, weaker electrostatic and
dispersion interaction drives the formation of complex. The
absence of any positive interaction energy means that the
interaction of all neighboring helices is favorable for the
complex formation.
Trp-Gly-Gly Tripeptide: Molecular Dynamics Simulation

and Vibrational Spectrum. The molecular dynamics/quenching
technique using SCC-DFTB-D method was applied to identify
the conformers of the Trp-Gly-Gly tripeptide coexisting in the
gas phase. It is very important that sufficiently long simulation
time was allowed by the efficiency of SCC-DFTB-D method
(see also below).
The several conformers with the lowest potential energy were

then selected for further reoptimization using the DFT-D
method. As an example, we present the structure of the
conformer that corresponds to the global minimum on the
potential energy surface. Its structure features dispersive interac-

Figure 6. Interaction energy of DNA-base pairs calculated using various approaches.

TABLE 1: Interaction Energy of Amino Acid Pairs Calculated Using Various Approaches
Eint kcal/mol PDB amino acids DFT DFT-D SCC-DFTB-D CCSD(T)/CBS

aromatic amino acid with nonpolar 1BRF Phe30-Lys46 -0.7 -3.5 -2.9 -3.1
1BRF Phe30-Leu33 -0.6 -6.5 -4.6 -5.0
1BRF Phe30-Tyr13 -0.4 -4.5 -3.7 -3.9

aromatic with peptide bond 1BRF Phe49-PB(4-5) -0.3 -3.5 -2.4 -2.8
1BRF Phe49-PB(5-6) -1.4 -7.3 -8.2 -8.2

strong salt bridges 1IU5 Glu47-Lys6 -73.9 -78.2 -76.9 -80.7
1BQ9 Glu49-Lys6 -105.5 -110.1 -108.7 -113.4
1BRF Glu50-Lys30 -60.8 -61.0 -60.0 -60.4

TABLE 2: Average Interaction Energy by Type of
Interaction in Double-Stranded DNA Oligonucleotides of
Varied Length

Eint DFT-D SCC-DFTB-D
hydrogen bonding -24.4 ( 8.5 -19.3 ( 7.4
intrastrand stacking -5.5 ( 2.3 -6.2 ( 2.8
interstrand stacking -1.5 ( 2.3 -1.4 ( 2.7
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for DNA:

for proteins:

Density-Functional, Density-Functional Tight-Binding, and Wave Function Calculations on
Biomolecular Systems†

Tomáš Kubař, Petr Jurečka, Jiřı́ Černý, Jan Řezáč, Michal Otyepka, Haydée Valdés, and
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ReceiVed: December 22, 2006; In Final Form: February 23, 2007

Recently, two computational approaches that supply a density-functional-based quantum-chemical method
with an empirical term accounting for London dispersion were introduced and found use in the studies of
biomolecular systems, namely, DFT-D and SCC-DFTB-D. Here, we examine the performance and usability
of these combined techniques for dealing with several tasks typically occurring in the research of biomolecules.
The interaction energy of small biomolecular complexes agrees very well with the reference data yielded by
correlated ab initio quantum chemical methods. In real-life studies aimed at interaction energy, structure, and
infrared spectra, the mentioned methods provide results in good agreement with each other and with experiment
(where available). The very favorable time demands of these approaches are discussed, and for each of them,
a suitable area of use is proposed on the basis of the results of our analysis.

Introduction

Molecular modeling is a powerful approach to examine the
properties of biomolecular systems like nucleic acids and
proteins and their interactions with other substances. Dealing
with extended molecules and, moreover, aiming at their dynam-
ics, the researcher is forced to introduce the molecular-
mechanics methods, which exhibit very low computational
demands while not sacrificing accuracy. This obvious advantage
is counterweighted by a similarly obvious limitation: the
electronic structure of the molecular complex investigated is
considered constant throughout the entire simulation. So, it is
impossible to have a covalent bond created or broken to describe
the process of charge transfer and so forth.1-3
As a way of resolving this problem, it would be desirable to

have at our disposal a quantum-chemical method, which would
allow the change of electronic structure in a certain region of
the molecular complex of interest. This means either to use a
standalone quantum-chemical method to describe the entire
system or to employ a hybrid quantum-chemical-molecular-
mechanics approach (QM/MM, also known as embedding)
where a region of changing electronic structure is treated by
means of a quantum-chemical method. Either case, there are
the following requirements on the method of choice: (1)
accuracy to describe both intra- and intermolecular interactions
and (2) speed and other demands on computational resources.
As for accuracy, the intermolecular interactions are the more

likely source of error in the calculation. Low-cost computational
methods often yield completely misleading results, in particular,
if there is an interaction of highly polarizable electron systems
(such as π orbitals), which goes to the account of correlation
energy and is termed London dispersion. It turns out that it is
necessary to employ a high-level correlated ab initio treatment
to advance toward reality. The second-order perturbation theory

(MP2) represents the simplest approach. However, the MP2
method frequently overestimates the interaction energy, so it is
necessary to proceed toward the coupled-cluster method (CCSD-
(T)). Because of its extreme computational demands, CCSD-
(T) cannot be considered the method of choice for simulations.
On the other hand, there is a variety of methods with modest
computational requirements. Most frequently, they are based
on density-functional theory (DFT). The substantial drawback
brought by DFT, namely, the inability to describe the London
dispersive forces properly,4,5 may be resolved in several ways.
In this work, we present a thorough analysis of performance

of two approaches recently developed in our laboratory.6,7 Both
use a supplementary term (Edisp) added to the calculated
electronic energy (EDFT-like) of the system, which is accounted
for by the London dispersion Etotal ) EDFT-like + Edisp. The Edisp
term is calculated as the sum of pairwise contributions for every
pair of atoms in the molecule/complex, which scales with the
inverse sixth power of the distance of atoms (i.e., in the same
way as in empirical force fields, the attractive branch of
Lennard-Jones potential). On short distances, such a simple
correction term rises beyond limitations and, hence, it needs to
be damped8,9 so that proper balance is achieved between the
attraction (from the empirical correction) and the repulsion,
which is described correctly by DFT. (To see how a damping
function works, cf. Figure 1.) These approaches are hereafter
called D methods. Such a correction brings no extra computa-
tional cost, so the computer time needed for the calculation is
determined solely by the DFT or DFT-like method.
The first approach, DFT-D, combines a standard DFT

calculation with the empirical correction.7 Certain (roughly 10-
fold) acceleration is achieved by using the resolution-of-identity
approximation in the DFT calculation. The extra input necessary
to calculate the dispersive energy is two parameters of the
damping function. These parameters need to be optimized for
the used combination of DFT functional and basis set. Several
combinations and the optimized parameters were presented in
the original work, where the optimization and testing is

† Part of the “DFTB Special Section”.
* To whom correspondence should be addressed. Phone: +420 220 410

311; fax: +420 220 410 320; e-mail: pavel.hobza@uochb.cas.cz.
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errors of the order of 1 kcal/mol  
per amino-acid…

Source:

NB: kBT=0.5 kcal/mol (300 K) 



Introduced by Levitt, Warshel to study enzymatic reactions. Together with Karplus 
(who first envisioned the scheme underlying classical MD) they received the 2013 
Nobel Prize for chemistry for "the development of multiscale models for complex 
chemical systems

HYBRID (QM-MM) schemes.

protein (treated in classical MD)

active site (treated at full quantum level) ADVANTAGE: Computational  
efficiency! 
DISADVANTAGE: Conceptually 
difficult to deal with the  
interface region


