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NB: For the consistent set of units to be used in these exercise please see the
document ”Physical Units” in the course webpage.

Exercise 1: gradient

Suppose that the potential energy of a proton due to the forces present in an
atomic nucleus is in the form

U(x, y, z) = u0
e−αr

4π r
,

where u0 is a constant with dimension kJ mol−1 and α is a constant of dimension
nm, while r =

√
x2 + y2 + z2 is the distance of the proton from the center of

the nucleus. Using the relationship

~F (x, y, z) = −~∇U(x, y, z)

Derive the three components of the classical force experienced by the proton.

Excercize 2: divergence

The components of an electrostatic field generated by some charge distribution
ρ(x, y, z) along the î, ĵ and k̂ axis are given by

~E =
E0

σ4

 x2y2

xy3

y4


where E0 is a constant with the dimension of [kJ mol−1 nm−1 e−1] , σ is a
constant with dimension of [nm] and x, y, z denotes the coordinate of a point in
3D. Using the first Maxwell’s equation

~∇ · ~E =
1

ε0
ρ,

derive the charge density ρ which is generating the field.
The fact that the charge density diverges at infinity may rise some suspect.

Indeed it is immediate to check that the function ~E defined above cannot rep-
resent a physical electric field as it does not satisfy the Maxwell’s equation
~∇× ~E = 0 (do the check!)

Exercize 3: rotor

Consider the electric field generated by a point charge e

~E(x, y, z) = ûr
1

4πε0

e

r2
, (1)

1



where r =
√
x2 + y2 + z2 and ûr = ~r/r. Prove that this field satisfies the second

Maxwell’s equation (holding in the absence of magnetic field):

~∇× ~E = 0 (2)

Excercize 4: Multi-Dimensional Integral

An electric charge is distributed inside a square region size L according to the
equation:

ρ(x, y) =
Q

L5
xy2 exp(x2y) (3)

where Q has the dimension of electric charge. Compute the total charge in the
square by evaluating the integral

Qtot =

∫ L/2

−L/2
dx

∫ L/2

−L/2
dy ρ(x, y) (4)
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